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g-PARABOLICITY OF STRATIFIED PSEUDOMANIFOLDS AND 

OTHER SINGULAR SPACES 

FRANCESCO BEI AND BATE GUNEYSU 


Abstract. The main result of this paper is a sufficient condition in order to have a com¬ 
pact Thom-Mather stratified pseudomanifold endowed with a c-iterated edge metric on its 
regular part g-parabolic. Moreover, besides stratified pseudomanifolds, the g-parabolicity 
of other classes of singular spaces, such as compact complex Hermitian spaces, is investi¬ 
gated. 


1. Introduction 

Given q G [l,cx3), a smooth Riemannian manifold {M,g) is called g-parabolic if the 
g-capacity 

C^Pq,giK) := inf | [ |d/|^*dpg : / G Lip^(M), / > 1 on A 
Um 

of each compact K G M vanishes, Capgg(A) = 0. The latter property is easily seen to be 
equivalent to the existence of a sequence of cut-off functions {V'n} C Lipp(M), such that 
0 < V’n < 1 for all n, ||d'0n|lL9oi(Mg) —t 0 as n ^ oo, and 

for each compact K G M there exists uk G U such that il^n \k= 1 for all n > uk- 

The importance of this concept stems at least from two reasons: Firstly, the 2-parabolicity 
of (M, g) is equivalent to g-Brownian motion being recurrent [20] (in particular nonexplo¬ 
sive). Secondly, see [35], given a number 1 < g < oo and a continuous compactly supported 
0 ^ h : M —)■ M, the nonlinear g-Laplace equation 

d^® (Idwl^r^dw) = h 

has a weak solution in the space of m G \NI^I{M) with ||dM||L,jQi(Mg) < if only if 
(M, g) is not g-parabolic. 

The aim of this paper is to investigate the g-parabolicity of some classes of ‘singular spaces’ 
with particular regard to the case of compact smoothly Thom-Mather stratihed pseudo¬ 
manifolds. This is an important class of singular spaces whose study, from an analytic 
point of view, has been initiated by Cheeger in his seminal papers [11], [12] and [13]. 

In this setting we prove that a compact stratihed pseudomanifold X of dimension m whose 
regular part (which is a smooth manifold) is equipped with an iterated edge metric of 
type c = (c 2 ,..., Cm ) is g-parabolic (for some g G [1, cxd)), if each singular stratum U of X 
satishes a certain compatibility criterion which only depends on c, m, g and dim(y). In 
the most important case c = (!,...,!) (which e.g. covers many singular quotients of the 
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form M/G with M a compact manifold and G a compact Lie group acting iso metrically), 
this result entails that these spaces are automatically 2-parabohc and thus stochastically 
complete. The importance of this class of metrics, as we will explain more precisely later, 
lies in its deep connection with the topology of X. 

Besides to stratihed pseudomanifolds, in this paper we investigate also the g-parabolicity of 
other classes of singular spaces such as compact Hermitian complex spaces, real algebraic 
varieties and almost complex manifolds endowed with a compatible and degenerate metric 
whose degeneration locus is a union of closed submanifolds with codimension > 2. Let 
us point out that all of the above examples provide smooth Riemannian manifolds which 
are geodesically incomplete, so that one cannot use Grigoryan’s well-known parabolicity 
and stochastic completeness criteria (cf. Theorem 11.8 and Theorem 11.14 in [21]) which 
require geodesic completeness and volume control. Our approach is more in the spirit of 
| 22 ]. 

This paper is organized as follows: In the second section we recall the main dehnitions and 
some important properties concerning parabolicity of Riemannian manifolds. The third 
section, which contains the main result of this paper, deals with compact stratihed pseudo¬ 
manifolds. The forth section is divided in three parts. The hrst one contains some technical 
statements that will be extensively used through the rest of the paper. The second part 
deals with almost complex manifolds endowed with a compatible and degenerate metric 
whose degeneration locus is a union of closed submanifolds with codimension > 2. Finally 
the third part tackles the case of compact Hermitian complex spaces and real algebraic 
varieties . 

Acknowledgements: The authors wish to thank the anonymous referee for his valuable 
comments that in particular led us to the current formulation of Prop. 4.5. The second 
named author (B.G.) would like to thank Stefano Pigola for many motivating discussions. 
Both autors have been hnancially supported by SFB 647: Raum-Zeit-Materie. 

2. Background 

Let (M, g) be a smooth Riemannian manifold and let Pg be the Riemannian volume 
measure. Let g* be the smooth metric on T*M induced by g which is given locally by 
idij) •= Let us label by Lip(M, g) the space of Lipschitz functions on {M,g) and 

let Lip^(M) be the space of Lipschitz functions with compact support. For q G [1,cxd] let 
g) be the Sobolev space of functions which are in U{M, g) and whose distributional 
differential lies in h). For 1 < g < cxd let Wg^(M, g) be the closure of C^(M) in 

Definition 2.1. Let D C M be a relatively compact subset. Then the q-capacity of D 
w.r.t. g, 1 < g < oo, is dehned as 

(1) C&Pg^g{D) := inf | [ jd/l^.d/Xg : / G Lip,(M), / > 1 on D 

(.Jm 
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The following equivalence is well known, see for instance [2] pag. 47 for the case q = 2 
or [34] Prop. 4.1. 

Proposition 2.2. Let {M,g) be a smooth Riemannian manifold. The following two prop¬ 
erties are equivalent: 

• For every compact subset D <Z M we have 

^^Vq,g{D) = 0 . 

• There exists a sequence of functions {0n} C Cl{M) such that 0 < < 1, —)■ 1 

uniformly on every compact subset as n ^ oo, and |d0|^.d/rg —)■ 0 as n ^ oo. 

Definition 2.3. A smooth Riemannian manifold {M,g) is called g-parabolic if it satishes 
the equivalent conditions of Prop. 2.2; we recall further that 2-parabolic Riemannian 
manifolds are sometimes simply called parabolic. 

The next proposition shows that the characterization given in Prop. 2.2 can be largely 
relaxed. A proof can be found in [35] Th. 3. Here we provide a different proof (which, 
as the results from [15], has the advantage of being appliable to a much more general and 
possibly nonlocal setting). 

Proposition 2.4. Let (M, g) be a smooth Riemannian manifold. Then (M, g) is q-parabolic 
if and only if there exists a sequence of functions {ipn} C {M, g) such that 

• 0 < < 1 , 

• t/’n ^ 1 fVg-a.e. as n ^ oo, 

•Im Id'^lgtd/ig —)■ 0 as n —)■ oo. 

Proof. Clearly we only have to prove that if there exists the asserted sequence of cut-off 
functions then (M, g) is g-parabolic. To this end, we hrst extend the capacity to arbitrary 
Borel sets R C M as follows, 

(2) Capgg{Y) = sup \^Capgg{K) | K cY, K is relatively compact in M} E [0, cxd]. 
Then Y i—)■ Capg^(R) has the following three properties: 

. Ri C R 2 , bS- Borel ^ Cap^,g{Y,) < Cap^^giY^), 

• Yn d M open, relatively compact for all n G N 

nGN / nGN 

2 

• Capg_^{|/| > a} < - ||d/||L,f 2 i(M,a) for any / e Lip^(M), a > 0. 

The first property is trivial, the second one follows from (2) and the following simple 
inequality 

CaPg g I U - X] ^^Vq,g (^n) for all 771 < CX), 

\n<m / n<m 
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and the last property follows noting that niin{^,l} is a test function for the relatively 
compact (open) set {|/| > a}. 

Consider now the sequence {ipn} C As for any there is a sequence £ 

Lip(,(M) with \\(l>n,i ~ ^ 0 as / —)■ oo, we can hnd a sequence pn G Lip^(M) 

with 

(3) Wpn- ^n||wL^(M,<;) <1/^ ^11 U. 

Now we £x an arbitrary open relatively compact subset K C M. From (3) and the second 
property in the statement we get 

I|d0n|| ||lA(0n 1) 1119(1^,9) 0. 

In particular we can take subsequence pp of (which depends on K) and a Borel set 
Yk C K with ij,{Yk) = 0 such that —)■ 1 for all x G K\Yk- Of course pp still satisfies 

WnW Lin^{Mg) 0- Thus, given an arbitrary e > 0, we can pick a subsequence pn of pp 
(which depends on K and e), such that 

d(pn < for all n and pnix) —)■ 1 for all a; G iF \ Yk- 

L<in^{M,g) 

The convergence pn {x) 1 for all a; G iF \ Yk implies 

K\YkC 1J{0;>1/2}, 

nGN 

SO that using the above properties of the capacity we get 

Capg,g(iF) = Capg g{K \ Yk) < Cap^^^ | [j{<Pn > 1/2} j < ^ Capg_^({0n > 1/2}) < 4e, 

where we have used (j-PYk) = 0 and that K is open. Thus, taking e —)■ 0 we ar¬ 
rive at Capq^^(iF) = 0. So far we have shown that if iF C M is open and relatively 
compact then Capg^(iF) = 0. Now consider an open relatively compact exhaustion 
M = As Capg g{Ki) = 0 for all /, it follows that for all l,n E N there is a 

£ Lip(,(M) such that > 1 in Ki, ||d0z,n||L-ioi(M,g) < 1 /r- Then, using the sequence 
(j)n '■= min{l, max{0, (;/)n,n}} G Lip(,(M), we can conclude that Capg^^(Zl) = 0 for every 
compact subset of M. ■ 

Now we recall the following dehnition; 

Definition 2.5. Let (M, g) be a smooth Riemannian manifold, let Hg > 0 he the Friedrichs 
extension of the Laplace-Beltrami operator — Ag|c“(M) := (d£d)|c-(M) in l^{M,g), and 
let 

{e-^^^),>oY^{l\M,g)) 

be the corresponding heat-semigroup, defined a priori by the spectral calculus. Then (M, g) 
is said to be stochastically complete, if one has^ e“*'^3l(a;) = 1 for alH > 0, a; G M. 

smooth integral kernel which satifies {x,y)dyg{y) < 1 for all t > 0, a; G M, so 

that one can define f{x) for bounded functions / on M by e~*^of{x) := fj^ {x, y) f {y)dgg. 
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The name “stochastic completeness” stems from the classical fact that this property 
is equivalent to Brownian motions on (M, g) being nonexplosive. We close this section 
recalling the following properties: 

Proposition 2.6. Let {M,g) be a smooth Riemannian manifold. If {M,g) is parabolic 
then it is stochastically complete. If fig{M) < oo then {M,g) is parabolic if and only if it 
is stochastically complete. 

Proof. The hrst property is a classical fact (cf. [22]). The second property has been noted in 
a more general context in [23] . We give a simple proof within our Riemannian framework: If 
< cx) then 1 = G Dom(hfg) C Wq’^(M, gf). Therefore there exists a sequence 

ijjn G C^(M) such that 1 in \Nl’‘^{M,g). Defining cfn '■= niin{l,'^„} G Lipp(M) we 

get a sequence that makes (M, g) parabolic. ■ 

3. Stratified pseudomanieolds with iterated edge metrics 

In this section we come to the main result of this paper. We start by briefly recalling 
the dehnition of smoothly stratihed pseudomanifold with a Thom-Mather stratihcation. 
First we recall that, given a topological space Z, C(Z) stands for the cone over Z that is 
Z X [0,2)/ where (p, t) ~ (g, r) if and only if r = t = 0. 

Definition 3.1. A smoothly Thom-Mather-stratified pseudomanifold X of dimension m 
is a metrizable, locally compact, second countable space which admits a locally hnite 
decomposition into a union of locally closed strata & = {T/}, where each T/ is a smooth, 
open and connected manifold, with dimension depending on the index a. We assume the 
following: 

(i) If R /3 G 0 and n ^ 0 then C F^ 

(ii) Each stratum Y is endowed with a set of control data Ty^'Ky and py ; here Ty 
is a neighborhood of R in X which retracts onto R, Try : Ty —)■ R is a hxed 
continuous retraction and py : Ty —)■ [0, 2) is a continuous function in this tubular 
neighborhood such that Py^(O) = Y . Furthermore, we require that if Z G 0 and 
Z n Ty 7 ^ 0 then (tty, py) : Ty fl Z — )■ F x [0, 2) is a proper smooth submersion. 

(hi) If W,Y, Z G 0, and if p G Ty flT^ flhF and 7Tz{p) G Ty flF then Ty (^^(p)) = TTy (p) 
and py(7rz(p)) = py(_p). _ _ 

(iv) lfY,Z e 0, then YnZ ^ 0 TyHZ ^ 0 , TyRT^ ij) ^ Y G Z ,Y = Z or Z C Y. 

(v) For each F G 0, the restriction Try : Ty —)■ F is a locally trivial hbration with 

hbre the cone C(Ly) over some other stratihed space Ly (called the link over F ), 
with atlas Wy = {(0,W)} where each 0 is a trivialization U x C(Ly), 

and the transition functions are stratihed isomorphisms which preserve the rays of 
each conic hbre as well as the radial variable py itself, hence are suspensions of 
isomorphisms of each link Ly which vary smoothly with the variable y E U. 

(vi) For each j let Xj be the union of all strata of dimension less or equal than j, then 

Xra-i = Xjn -2 and X \ Xra -2 deuse in X 
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The depth of a stratum Y is largest integer k such that there is a chain of strata Y = 
Ifc,To such that Yj C for 1 < j < /c. A stratum of maximal depth is always a closed 
subset of X. The maximal depth of any stratum in X is called the depth of X as stratihed 
spaces. Consider the hltration 

(4) X = X^D Xm-l = Xm-2 3 A:^-3 ^ ••• ^ ^0- 

We refer to the open subset X \ Xm -2 of a smoothly Thom-Mather-stratihed pseudoman¬ 
ifold X as its regular set, and the union of all other strata as the singular set, 

reg(X) := X\ sing(X) where sing(X) := Y. 

ye©,depth(y)>o 

Given two Thom-Mather smoothly stratihed pseudomanifolds X and X', a stratihed iso¬ 
morphism between them is a homeomorphism F : X ^ X' which carries the open strata 
of X to the open strata of X' diheomorphically, and such that 7r^(y) o F = F o ny , 
p'p^Y) o F = py for all Y G C5(W). For more details, properties and comments we refer to 
[1], [8], [9], [28] , [37], and also [30]. Here we point out that a large class of topological space 
such as irreducible complex analytic spaces or quotient of manifolds through a proper Lie 
group action belong to this class of spaces. 

Now we proceed introducing the class of smooth Riemmanian metrics on reg(X) which we 
are interested in. The dehnition is given by induction on the depth of X. We label by 
c := (c 2 ,..., Cm) a (m — l)-tuple of non negative real numbers. In order to state this dehni¬ 
tion we need to recall recall that, given two Riemannian metrics g and h on a manifold M, 
g and h are said to be quasi-isometric, briehy g h, if there exists a real number c > 0 
such that c~^h < g < ch. 


Definition 3.2. Let X be a smoothly Thom-Mather-stratihed pseudomanifold and let g 
be a Riemannian metric on reg(X). If depth(X) = 0, that is X is a smooth manifold, a 
c-iterated edge metric is understood to be any smooth Riemannian metric on X. Suppose 
now that depth(X) = k and that the dehnition of c-iterated edge metric is given in the 
case depth(X) < /c — 1; then we call a smooth Riemannian metric g on reg(X) a c-iterated 
edge metric if it satishes the following properties: 

• Let R be a stratum of X such that R C Xj \ Xj_i; by dehnition 3.1 for each g G R 
there exist an open neighbourhood U of q in Y such that 

0 : TTy^U) ^Ux C{Ly) 
is a stratihed isomorphism; in particular, 

0 : TTy^iU) n reg(X) —>U x reg(C(Ly)) 

is a smooth diheomorphism. Then, for each q E Y, there exists one of these 
trivializations (0, U) such that g restricted on 7ry^(17)nreg(X) satishes the following 
properties: 


~'9l 


Y 


(5) 


(<^ ^)*(^l,r-hU)nreg(X)) ~ + hp + r^^' 
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where m is the dimension of X, h;/ is a Riemannian metric dehned over U and 
QLy is a {c 2 , iterated edge metric on reg(Ly), dr^ + hu + is 

a Riemannian metric of product type on R x reg(C'(Ly)) and with ~ we mean 
quasi-isometric. 

When depth(X) = 1 we will say that g is a c-edge metric and when depth(X) = 1 and 
c = 1 we will say that 5 ^ is a edge metric. We remark that in (5) the neighborhood U can 
be chosen sufficiently small so that it is diffeomorphic to ( 0 , 1 )* and hjj it is quasi-isometric 
to the Euclidean metric restricted on (0, l)h Moreover we point out that with this kind of 
Riemannian metrics we have Pg(reg(X)) < cx) in case X is compact. There is the following 
nontrivial existence result: 

Proposition 3.3. Let X be a smoothly Thom-Mather-stratified pseudomanifold of dimen¬ 
sion m. For any {m — l)-tuple of positive numbers c = (c 2 , there exists a smooth 

Riemannian metric on reg(X) which is a c-iterated edge metric. 

Proof. See [8] or [ 1 ] in the case c = (1,1,1). ■ 

The importance of this class of metrics lies on its deep connection with the topology of 
X. In fact, as pointed out by Cheeger in his seminal paper [11] (see also [3], [4], [5], [25] 
and [29] for further developments ) the L^-cohomology of reg(X) associated to an iterated 
edge metric is isomorphic to the intersection cohomology of X associated with a perversity 
depending only on c. In other words the L^-cohomology of this kind of metrics (which a 
priori is an object that lives only on reg(X)) provides a non trivial topological information 
of the whole space X. 

Theorem 3.4. Let X be a compact smoothly Thom-Mather-stratified pseudomanifold of 
dimension m. Let q G [1,cxd) and let g be a smooth Riemmanian metric on reg(X) such 
that g is a c-iterated edge metric with c = (c 2 ,...,Cm)- Assume that for every singular 
stratum Y of X one has 

( 6 ) Cm-i ■ {m — i — 1) > q — I, where i := dim(R), 

and that moreover for every singular stratum Y of X with depth(y) > 1, one has 

(7) Cm-i ■ {m — i — 1 — q) > —1, where again i := dim(R). 

Then (Teg{X),g) is z-parabolic for each z G [1,5']. In particular, given z G [l,g] and a 
continuous compactly supported function 0 ^ h : reg(X) —)■ R, the nonlinear z-Laplace 
equation 

d^® (|du|g7^du) = h 

has no weak solution u G Wj'^^(reg(X)) with ||dM|||_ 5 ^i(,,gg(jf) < 00 . 

Before to give a proof of the above theorem we recall the following proposition. 

Proposition 3.5. Let X be a smoothly Thom-Mather-stratified pseudomanifold , and let 
Ua = {Ua}a&A be an open cover of X. Then there is a bounded partition of unity with 
bounded differential subordinate to Ua, meaning that there exists a family of functions 
Aq : X —)■ [0,1], a G R such that 
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(1) Each Aq, is continuous and AQ,|i.eg(x) is smooth. 

(2) supp(Aq,) C Ua for some a E A. 

(3) {supp(AQ,)}Q,eyi is a locally finite cover of X. 

(4) For each x E X one has ^a{,x) = 1. 

(5) There are constants Ca < oo such that each Aq satisfies ||dAQ|reg(x)||L°°ui(reg(A) g) < 

C'q. 

Proof. See for instance [39] Prop. 3.2.2. ■ 

Now we are in position to prove Theorem 3.4. 

Proof. First of all we remark that it is enough to show that (reg(X), 5 f) is g-parabolic. For 
the remaining 2: E [1, q) the statement follows by the fact that /ig(reg(X)) < 00. The proof 
is given by induction on depth(X). If depth(X) = 0 then X is a smooth compact manifold 
and therefore the theorem holds. Assume now that depth(X) = b and that the theorem 
holds in the case depth(X) <6 — 1. This step of the proof is divided in two parts: in the 
first we construct a local model of our desired sequence. In the second part we then patch 
together these local models in order to get a suitable sequence of Lipschitz functions with 
compact support. Let X be a singular stratum of X of dimension i and let Ly, ny and 
py as in Def. 3.1. Let p E Y and let Up be an open neighborhood of p in X such that 
we have an isomorphism : 7ry^(17p) -E Up x C{Ly) which satisfies (5). In particular we 
know that (0"^)*(fi'L-i(c/)nreg(A)) ~ + hu + and that giy is a (cs,..., Cm-i-i)- 

iterated edge metric on reg(LY). Clearly depth(Ly) <6 — 1. We can reformulate (6) and 

(7) respectively in the following way 

(8) Ccod(y)(cod(F) - 1) > g - 1 for every Y C sing(X) 

(9) Ccod(y)(cod(’F) — 1 — g) > —1 for every Y C sing(X) with depthCF) > 1. 

By the fact that 0 : 7 r 0 ^(Lp) -E Up x C{Ly) is a stratified isomorphism we have 0(6/p) = 
UpXv{C{Ly)), where v{C{Ly)) is the vertex of C{Ly), 0 (reg( 7 r 0 ^(Lp))) = UpXreg{C{Ly)) 
and finally if Z is a singular stratum of X such that Z n7r0^(Lp) 7 ^ 0 then 0(Zn7r0^(Lp)) = 
Up X (0, 2) X hF where hF is a singular stratum in Ly. In particular depth(Z) = depth(hF) 
and cod{Z) = cod(hF). On the other hand, starting with a singular stratum hF' C Ly, 
we can hnd a singular stratum Z' of X such that Z' fl ^^^{Up) 7 ^ 0, (f){Z' fl 7 r 0 ^( 6 /p)) = 
Up X (0, 2) X hF', depth(Z') = depth(hF') and cod(Z') = cod(hF'). This implies that on Ly, 
with respect to the (c 2 ,..., Cm-i-i)-iterated edge metric we have 

(10) Ccod(w)(cod(hF) - 1) > g - 1 for every hF C sing(Ly) 

(11) Ccod(iu)(cod(hF) — 1 — g) > —1 for every hF C sing(LY) with depth(hF) > 1. 

We are therefore in the position to use the inductive hypothesis and hence we can conclude 
that (reg(Ly),g^y) is g-parabolic. Let {/9Ly,n} be a sequence of compactly supported 
Lipschitz functions that makes (reg(Ly),g^^y) g-parabolic. If depthCF) = 1 this means 
that Ly is a smooth compact manifold and giy is a smooth Riemannian metric on Ly. 
In this case we will always use the constant sequence {1}. In order to pursue our aim we 
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need now to define a suitable sequence of cut-off functions on Up x C(Ly). Let := ^ 
_ 1 ^ 

and := e ^ = e”” . On Up x 0(Ly) consider the following sequence of functions: 

1 

I 

( 12 ) 


r > e„ on f/p X 0(Ly) 

2e; < r < on Up x C'(Ly) 
4 < r < 26>n t;, X C(Lr) 

'-n '-ri 

0 0 < r < on Lp X C{Ly) 


For d7f/p,n|reg(f/xC(Ly)) wc have the following estimate: 

0 


r ^en-l 


r > en on Up X C{Ly) 
ve / 2e^ < r < en on Up X C{Ly) 

(13) |d7c/„n|reg(C/xC(Lix))|g* < < < r < 2e’^ on Up x C'(Ly) 

I £n ^71 

0 0 < r < on f/p X 0(Ly) 

where | • |p* in (13) is the pointwise norm that dr^ -|- induces on T*(reg(Lp x 

C'(Ly))). We want to show that 

ll‘i7(7p,n|reg((7pXC(Ly))|lL90i(reg(C/pXC(Ly)),(ir2+/iyj,+r2'=m-ip^^) = 0. 

To this aim, using (13), we have 


(15) 


< 


f2e' 


\\^'yUp,n\reg(UpXC{LY))\\^qQH^^^(jj^yC{LY))Ar'^+hup+U’''^-igLY) 

I I (f^)""(7)’’''”-<”'-''dMi.*„7f‘«x+ 

JUp Jreg{LY) \ / \^n/ 


+ 



qi^n-q 


r 




^M/i^d/ift d/ip^ 


JUp Jxeg{LY) , 

For the hrst term on the right hand side of (15) we have 


f2e' 



VLy 


' \ / 1 \ ^ 

JUp JreglLy) \ / \^n / 

/‘2en /Og' \ / 1 \ <1 

=/7i,7C/>,,7reg(LK)) / M - r'—'”'—‘Mf,, 

Je'„ \ / \t„/ 

^ /i/i,,(f/p)/Xp,^(reg(Ly)) /ly 2127 W_(in-1-1)+1 _ 27 dc_(in-i-l)+n 

c^_.(m-^-l) + l Ven/ \e'n) ^ ^ 

_ (^p)f^ 9 LY (^^S(-^x)) ^2^2^-n^^qn~^^qn"^^-n"^(c^_7m-2-l)+l) 

Cm-i{m - i - 1) -M 

(Up)p,gr(Yeg{LY))(ln,q- 


(16) 
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It is straighforward to see that lim„^oo Q-n,q = 0. For the second term on the the right hand 
side of (15) we have 


(17) 



qen-q 




JUj, JregiLy) 

1 rtn 


f^huSUp)fig (reg(Ly)) 


2< 

\ q<^n-q 


qen-q + l + Cm-i{m - i - 1) \e, 

h%p(^p)hgLy(reg(Fy)) 

qn~‘^ — g + 1 + Cm-iim — i — 1) 


,qe„-q+l+c^-i{rn-i-l) 


(2e: 


n) 


\n 


2 \qn ^—q 


X 




qn '^-q+l+Cm-i(m-i-l) 




l^hup{Up)qigj^^{Teg{LY))bn,q- 

Also in this case lim„_j,oo bn,q = 0. Hence we proved that (14) holds. Dehne now a sequence 
on Up X C{Ly) as 


( 18 ) 


^Up,n ■ ^Up,nl^LY ,n- 


We clearly have Xmin^oo OiUp,n{x) = 1 for every x E Up x C(Ly)- Over Up x reg(0(Ly)), 
for d{aup,n), we have 

dQ;;7p,n = 1Up,nd/3up,n + /3Up,nd'yUp,n 


and therefore 


\\^OiUp,n\\iqQl(^reg{UpXCiLY)),dr^+hup+U‘'^-igLY) 

< 117f/p,nd/3[/p,n 11 L-JOl (reg{Up X C (Ly)) ,dr‘^+hup +U‘^rn-i ) + 

4” ll/dUp,nd7(7p,n|| L'ir2l(reg(C/pXG(Ly) 

According to (14) we have 

JdJ^\\f3up,ndjUpAL'ini{reg{UpXC{LY)),dr^+hup+U‘^^-igLY) ^ 

For 'yup,nd/3up,n we argue in this way. If depth(F) = 1 then /3up,n = 1 for each n E N and 
clearly 

Jd^\\lUp,nd/3up,n\\iqn^,.eg{UpXC{LY)),dr^+hup+U‘^^-igLY) ^ 
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If depth(y) > 1 then we have 


1^ ||7C/p,„d/3t/j„n|lL,f^l(,eg(t/^xC(Ly)),dr2+hyp+r2=m-ig^^) ^ 
1^ ||d/3c/p,n|lL,f^l(,eg((7pxC(Ly)),dr2+%j,+r2'=m-ig^^) = 


because r^rn-iim-i-i-g)^^ ^ qq_ Summarizing we proved that 

(19) lim \\daup,n\ reg(t/pXC(Ly)) || L'iOl(reg(t/pXC(Ly)),dr 2 +hj 7 ) 0. 


Consider now the following sequence {'4’Up,n} on TTy^iUp) dehned as 

(20) '4’Up,n ■= OiUp,n ° 

We have again lim„_j,oo Q;c/p^„(a;) = 1 for every x G Hy^iUp) and by (5) and (19) we get 

(21) WupA.-\Up)nre^{X)\\L<>n^i.-\Up)nre^{^^^^^ = O' 

This concludes the first part of the proof In fact over any open subset of X satisfying (5) 
we constructed our desired sequence given by {'fiup,n}- Now we begin the seeond part of 
the proof As previously explained, here the goal is gluing together the ’’local” sequences 
{'fiup,n} in order to get a globally dehned sequence of Lipschitz functions with compact 
support which makes (reg(X), 5 f) g-parabolic. To this aim we need hrst to introduce a 
suitable partition of unity. Consider now the following closed subsets of X, 


K-.= y TrnppdO.l)), f!:=A'\ U TrnppdO.l)) 

yCsing(A) yyCsing(X) 

By the fact that X is compact we can hud a hnite set of points T := {pi,...,ps} C 
sing(X) such that the following properties are satished. For each pi there is an open 
neighborhood Cp. C 1^, the singular stratum containing p*, such that (5) holds and such 
that {TTy^iUpfi nK,i = 1, s} is a hnite open cover of K. By construction hi is contained 
in reg(X). Let now A C reg(X) be an open subset such that hi C A. In this way we get 
that 

®!:= K‘(t;„.),,.,irp(t;,.),A} 

is a hnite open cover of X. According to Prop. 3.5 let £ := {Ao-logA be a finite partition 
of unity with bounded diherential subordinated to 971. Let us consider the hnite set of 
functions {ti, .., Tg, ta} where r*, i = 1,..., s, is dehned as the sum of all functions Aq, G £ 
having support in Tiy^iUpfi and ta is dehned as the sum of all functions Aq G £ having 
support in A. Now, for each vrC/(LpJ, consider the sequence {'fiup^,n} as dehned in (20). 
Finally dehne the sequence {Xn} as 

(22) Xn ■= Tl'4’Up^,n + ••• + 'Ts1pUp^,n + Ta- 
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We want to show that {Xn|reg(A)} niakes (reg(X), 5 f) g-parabolic. By construction Xn|reg(A) 
is locally Lipschitz. Let now q G sing(X) and let i G If g ^ supp(ri) then 

'Ti'^l^Up^,n is null on a neighborhood of q. If g G supp(ri) then q G and using (5) 

we get 0(g) = (u, [r,y]) with u G Up^ and [r,y\ G sing(C(Ly)). We have {TiiiUp.,n) o 0"^ = 
(tj o where aup.,n is dehned in (18). By construction (r^ o 0“^)Q;t/p,,n is null on a 

neighborhood (which depends on n) of (u, [r,y\) because r* o 0“^ has compact support in 
U X C(Ly), auj,.,n = lUp^,nl^Up^,n, lUp^,n is uuH ou a neighborhood of v(C(Ly)) in C(Ly) 
and I3up.,n is null on a neighborhood of sing(Ly) in Ly. Eventually this tells us that Xn is 
null on a neighborhood (which depends on n) of sing(X) because we have just shown that 
every single term on the right hand side of (22) is null on a neighborhood (which depends 
on n) of sing(X). Therefore each Xn|reg(A) is Lipschitz with compact support. Clearly we 
have 0 < Xn < 1 and limn^oo Xn|reg(A) = 1 pointwise. For ||dxn|reg(x) ||L-ioi(reg(A),g) we argue 
as follows: Over reg(X) we have 

(23) dXn = Tld^t/p^.n + 0Upi,ndri + ... + Tsdi)Up^,n + i^Up^^n^Ts + dr^. 

Therefore 

(24) ||dXn|reg(X)||L'JOl(reg(A),g) < \\'Tl^'4^Up^,n + ■■■ + Ts^'4^Up^,n\\\_<iQ.'^{reg{X),g) + 

+ II^Upi,ndri + ... + 0t/p^,ndr^) + drA||L90l(reg(X),<;) 

For the right hand side of (24) we have 

IITld0t/pj^ ,n T ... T Tsd0[/p^ ^nIIL'iOl(reg(A),g) 

< ||Fld0;7p^^n||L'JOl(reg(A),g) + ••• + WTs^'l/jUp, ,n\\L<in^ (veg(X),g) ■ 

Using (21) we get for each i = 0,..., s 


(25) 

lim ||Tld0[/ n||L'if!l(reg(A),3) 0- 

n—>-00 ^ 

For 

0Upi,ndri + ... + 0(7p,,ndrs + dTA 

we have 


(26) 

||0t/p^,ndri + ... + ^IJUp,,ndTs + du^ || (reg(X),<;) = 

II J^(0(7p^,ndri + ... + ^IJUp,,ndTs + du^) || L'JOl(reg(A),g) = 


||dri + ... + dr^ + drA||L'ioi(reg(v),g) — 

||d(ri + ... + + TA)||L'JOl(reg(A),g) = ||cU || L'JOl(reg(A),g) = 0. 

In conclusion the sequence {Xn|reg(A)} makes (reg(X),g) g-parabolic and so the proof of 
the theorem is completed. ■ 

We close this section by adding some immediate consequences of Theorem 3.4. 
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Remark 3.6. If (c 2 , = (1, •••, 1) then (reg(X), 5 f) is 2-parabolic and thus stochasti¬ 

cally complete. In fact, then (6), (7) becomes 


(27) 


f cod(F) >2 if depth(F) = 1 
\ cod(y) >2 if depth(y) > 1 


and, according to the Dehnition (3.1), (27) is clearly satished by every singular stratum 
Y C sing(X). These metrics have been considered in [1]. 


A particular case of smoothly Thom-Mather-stratihed pseudomanifolds is provided by 
manifolds with conical singularities. A topological space X is a manifold with conical 
singularities, if it is a metrizable, locally compact, Hausdorff space such that there exists 
a sequence of points {pi, ...,p„,...} C X which satishes the following properties: 

(1) X \ {pi, ...,Pn, •••} is a smooth open manifold. 

(2) For each pi there exists an open neighborhood Up^, a compact smooth manifold Lp. 
and a map Xpi ■ Up^ —)■ C 2 {Lp.) such that XpiiPi) = and 

Tpi|c/p.\{pi} • Up^ \ {j>i} t Lp^ X (0,2) 
is a smooth diffeomorphism. 

Using the notations of Def. 3.1 this means that 


X = XnD Xn-1 = Xn-2 = ... = = Xo. 

In this case a c-iterated edge metric g on reg(X) is a Riemannian metric on reg(X) with 
the following property: for each conical point p* there exists a map as dehned above, 
such that 


(28) iXplTidlu^,) ~ + r^'^hip, 

where hipi is a Riemannian metric on Lp. and c > 0. When c = 1, (28) is called conic 
metric while, when c > 1, (28) is called horn metric. Applying Theorem 3.4 we get the 
following corollary. 


Corollary 3.7. Let X be compact manifold with isolated conical singularities, and let g be a 
smooth Riemannian metric on reg(X) which satisfies (28). Assume that c{n — 1) > g — 1. 
Then (reg(X),p) is s-parabolic for all s G [l,g]. In particular, conic metrics and horn 
metrics are always 2-parabolic. 

The next propositions provide other applications of Theorem 3.4. 

Proposition 3.8. Let V C be an irreducible compact analytic surface with isolated 
singularities. Let g be the Riemannian metric on reg(U), the regular part ofV, induced by 
the standard Euclidean metric on R™'. Then (reg(U), p) is q-parabolic for all q G [1, 2]. 

Proof. The proposition follows combining Theorem 1.1 in [18] with Theorem 3.4. ■ 

Finally, we record a result concerning singular quotients. To this end, we recall that if 
G is a compact Lie group acting isometrically on a smooth compact Riemannian manifold 
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{M,g), then M/G canonically becomes a smoothly Thom-Mather-stratihed pseudomani¬ 
fold . Furthermore, with tt : M ^ M/G the projection onto the orbit space, let denote 
the smooth Riemannian metric on reg(M/G) which is induced by g through tt. 

Proposition 3.9. In the above situation, assume that the orbit space M/G has no codi¬ 
mension one stratum. Then (reg(M/G), Tr^gf) is q-parabolic for all q G [1,2]. 

Proof. If M/G has no codimension one stratum then Tr*^' is quasi-isometric to a c-iterated 
edge metric with c = (1,..., 1). This is showed in [33]. Now the claim follows from applying 
Theorem 3.4. ■ 

4. Other singular spaces 

4.1. Further preliminary results. This subsection concerns the stability of g-parabolicity. 
First we will recall that g-parabolicity is preserved under quasi-isometry. Then we will show 
that in the setting of Hermitian manifolds, in order to preserve 2-parabolicity, it is enough 
a weaker condition than the quasi-isometry. These results are of fundamental importance, 
as stochastic completeness itself is not preserved under quasi-isometry, see for instance [27]. 


We hrst recall the following result. A much thorough discussion can be found in [36]. 

Proposition 4.1. Let M be a smooth manifold. Assume that gi and g 2 are smooth Rie¬ 
mannian metrics on M such that (M,gi) is q-parabolic for some q < oo. Let A be the 
strictly positive smooth vector bundle endomorphism given by 

A-.TM ^TM, g,{AVuV2)-.= g2{Vi,V2), V.^V^eT^M. 

Let be the pointwise operator norm of {A~^y G End{T*M] gl), and assume 

det(A)5 . |(A-i)*|| G L°°(M). 

Then (M, ^ 2 ) is q-parabolic as well. 

Proof. Let {i/’n} C Up^M) be a sequence of functions that makes gi g-parabolic. In 
particular 

sjd/igi = 0. 

Then 

j |d^n|g|d/ig2 = y gl(^{A-ydiJn,dilJnydet{A)^dng^< j |(A"^)‘|J*det(A)5d/ig,, 

which, by assumption, goes to zero. We can thus conclude that (M, g^) is g-parabolic as 

well. ■ 

We immediately get the following corollary: 

Corollary 4.2. Let M be a smooth manifold. Assume that gi is a smooth Riemannian 
metric on M such that (M, gi) is q-parabolic for some q G [1, cxd) . Let g 2 be another smooth 
Riemannian metric on M such that one of the two conditions below is fulfilled: 


lim 

n^oo 


\dy„ 
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(i) gi and g -2 are quasi-isometric 

(ii) dim(M) > q and g 2 = Pgi where / : M —)■ M is a smooth function which satisfies 
0 < p < c for some constant c > 0 

Then (M, g 2 ) is q-parabolic. 

The situation is pretty different in the case of almost complex manifolds and q = 2. In 
this context, as we will see in the next result, the first condition of the Cor. 4.2 can be 
largely relaxed. 


Proposition 4.3. Let (M, J) be a smooth almost complex manifold of dimension 2m. Let 
h be a smooth Riemannian metric on M compatible with J, that is h{JUi, JU 2 ) = h{Ui, U 2 ) 
for every vector fields Ui,U 2 on M. Assume that {M,h) is 2-parabolic. Let p be another 
smooth Riemannian metric on M, compatible with J, such that p < ch for some c > 0. 
Then {M,p) is 2-parabolic. 


Proof. Let A be as in Prop. 4.1 such that p(Vi,V 2 ) = h{AVi,V 2 ). Then it is immediate 
to check that JA = A.J. Let p G M be any point in M. Let A be an eigenvalue of 
Ap : TpM TpM, let Ep{\) be the corresponding eigenspace and let Jp : TpM —)■ TpM be 
the action of J on TpM. We know that Jp preserves Ep{\) because JpAp = ApJp. Hence 
we can conclude that the dimension of Ep{X) is even. This in turn tells us that there exist 
at most m distinct, positive real numbers 0 < Ai < ... < A^ such that the eigenvalues of 
Ap are {Ai, Ai,..., A^, Am}- In particular we get that 

m 

det(Hp) = Y[ \l. 

n=l 


By the fact that p < ch we easily get that 0 < A„ < c and this immediately yields the 
following bound: 


(29) 


det(A)" ■ KA ) Ift- s c 


MTl—l 


Since the right hand side of (29) does not depend on p we proved that det(H) 2 • |(H G 

L°°(M) and thus in virtue of Prop. 4.1 the proof is completed. ■ 


As an immediate consequence of the previous proposition we get the following: 


Corollary 4.4. Let (M, h) be a smooth complex Hermitian manifold. Let p be another 
smooth Hermitian metric on M such that p < ch for some c > 0. If (M, h) is 2-parabolic 
then {M,p) is 2-parabolic as well. 


Finally we discus an issue which arises naturally by the previous propositions. Let 
(M, g) be a smooth Riemannian manifold which is 2-parabolic. Let h be another smooth 
Riemannian metric on M such that h < eg for some constant c > 0. The question that 
arises now is: 

Is then h 2-parabohc as well? 

In case M is complex and the metrics are Hermitian, we have seen that the answer is 
yes. In general, clearly we can always find a positive function / : M —)■ M such that f^g < 
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h < eg. By Corollary 4.2 we know that f^g is still 2-parabolic, at least if dim(M) > 2. 
Thus the Riemannian metric h is bounded above and below by two 2-parabohc Riemannian 
metrics. Nevertheless, and somewhat surprisingly, it turns out that in general, the answer 
to the above question is NO. We give a counterexample on a surface: 

Let M be a smooth compact surface with boundary. Let Z be the boundary and let 
M be the interior. Let (j) : U ^ Z x [0,1) be a collar neighborhood of Z. Let 5 ^ be a 
smooth Riemannian metric on M such that {4>~^)*{g\u) = + x^g' where g' is a smooth 

Riemannian metric on Z. Let h be another smooth Riemannian metric on M such that 
{g\u) = x‘^{dx‘^ + g'). Clearly, for some constant c > 0, we have h < eg. Moreover, 
as we have seen in the previous section, (M, g) is 2-parabolic. We want to show now that 
(M, h) is not 2-parabolic. The proof is carried out by contradiction. Assume that (M, h) 
is 2-parabohc and let {'^njneN C Lipj,(M) be a sequence which makes {M,h) 2-parabohc. 
Consider a smooth Riemannian metric h' on M such that {4>~^)*{g\u) = -|- g'. A 

straightforward calculation shows that the same sequence {ipn} satishes Prop. 2.4 with 
respect to {M,h'). This in turn implies immediately that on {M,h') the Sobolev spaces 
Wg’^(M, h') and h') coincide, but this is well-known to be false, see for instance 

M = R(0,1) where 5(0,1) is the Euclidean ball centered in 0 and of radius 1. 

We point out moreover that the conclusion that (M, h') is not 2-parabolic follows also using 
the criterion provided by Cor. 5.2 in [34]. Indeed let N be the open surfaces obtained by 
gluing [0, cxd) X Z to the boundary of M and let p be a Riemannian metric on N that over 
[0, cx)) X N is given by e“^^dr^ + g'. Since (5, h'\u) and ([0, cxd) x Z, p|[o,oo)xx) are isometric 
it is clear that (M, h') is 2-parabolic if and only if {N, p) is 2-parabohc. Moreover, as 
2 -parabohcity on surfaces is stable under a conformal change, (A^, p) is 2 -parabohc if and 
only if {N,p') is 2-parabolic where p' is given by /dp and /d : A^ —)■ M is a positive function 
that over [0, cxd) x Z coincides with e^*". This means that over [0, cx)) x Z p' takes the form 
d ^2 _|_ e 2 r^/_ Now, as we have f^e~^dr < 00 , we can conclude by Cor. 5.2 in [34] that 
(A^, p') is not 2 -parabohc. 

4.2. Open subsets of closed manifolds. Consider a smooth compact Riemannian man¬ 
ifold (M, g) of dimension m. Let S C M be a subset made of a hnite union of closed smooth 
submanifolds, S = such that, for some z > 2, each submanifold Si has codimension 

greater or equal than x, that is cod(S'j) > x > 2. Let A be dehned as M \ S and consider 
the restriction of g over A, gl^. 

Proposition 4.5. In the above situation, (A, p|^) is q-parabolic for any q G [1,;^]. 

Proof. We start the proof by showing that (A,p|a) is x-parabolic. Dehne Ai := M \ Si 
and let Si be the dimension of Si. As a first step we want to prove that is x- 

parabolic. This follows by applying Th. 3.4 and in particular ( 6 ). Indeed let p E Si an 
arbitrary point. Then we can End an open neighborhood U of p and a diffeomorphism 
<h : —)■ (0,1)™ such that <h(f/ fl Sf) = {0} x and such that (<h“^)*(p|f/) ~ ge\{o,i)"^, 
that is (<h“^)*(p|f/) is quasi-isometric to the restriction on ( 0 , 1 )™ of the standard euclidean 
metric Pe := da;^ -|- ... -|- da;^ of M™. Now, writing (0,1)™ as (0,x (0,1)^* and using 
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cylindrical coordinates, we can write the metric restricted on (0,1)™ \ <h(t/ fl Si) as 

Si 

^2 

i=l 

where r is the usual distance function on and h is a Riemannian metric on 

Therefore we can consider the smooth incomplete Riemannian manifold {Ai,g\Ai) as the 
regular part of a compact smoothly Thom-Mather stratihed pseudomanifold of depth one 
given by M D S'* endowed with an edge metric. Since in this case we have c = 1 and 
cod(S'i) > 2 ;, by applying (6), we get {m — Si — 1) > z — 1 and thus we can conclude that 
{Ai,g\Ai) is 2 :-parabolic. 

Now, for each i = let C Lip(,(Rj) be a sequence which satishes the 

assumptions of Prop. 2.4. We dehne 

n 

0 < iJj := Y[i’j,Ai < 1 

i=l 

and claim that this sequence makes {A,g\A) ; 2 -parabolic. To see this, note hrst that for 
each j G N, -ipj is dehned as a product of a hnite number of compactly supported Lipschitz 
functions and therefore is in turn a compactly supported Lipschitz function, and thus d'lpj 
is well-dehned. Clearly the support of ipj is contained in A and ifjj —)■ 1 pointwise. In order 
to complete the proof we have to show that 

(30) lim [ = 0. 

To this end, note that d'lpj = <Pi(^'4’j,Ai where 0* is given by the product 

By the fact that 0 < 0i < 1, in order to establish (30), we have the following estimate for 
some C > 0, 

/ |d0j|g*ud/igU < / |d0j,Ajg*U d/lg| 

JA JAi 

which tends to zero as j —)■ cx) by what we have said above. Hence we can conclude that 
(H, g\A) is ; 2 -parabolic. Finally, by the fact that fig{A) < 00 , we have a continuous inclusion 

\J'^Vt}{A^ g\A) "—> \J'^Vt}{A^g\A) for each 1 < gi < ( 3'2 < cxd, 

which implies the desired g-parabolicity for g G [1,;^]. ■ 

Remark 4.6. In the previous proposition the case 1 < g < is a particular case of [34] 
Cor. 4.1. Moreover a different proof that M \ S'j is 2-parabohc can be found in [10]. As 
we will see in the next results, the case cod(5'i) = 2 provides important applications to the 
2-parabolicity in the setting of complex geometry. 
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Proposition 4.7. Let (M, J) he a compact almost complex manifold. Let S C M 6e a 
closed subset such that S = where each Si is a closed submanifold of M satisfying 

cod(S'j) > 2. Let A := M \ S and let g be a smooth symmetric non-negative section of 
T*M (g) T*M —)■ M such that g is compatible with J and g\A is strictly positive (in other 
words, g\A is a Riemannian metric). Then {A,g\A) is q-parabolic for q G [1,2]. 

Proof. This follows from Prop. 4.3 and Prop. 4.5. ■ 

4.3. Hermitian complex spaces. This section contains applications of Prop. 4.3 and 
Prop. 4.5 to the g-parabolicity of complex Hermitian spaces. Complex spaces are a classical 
topic of complex geometry and we refer to [14] and to [17] for a deep development of 
this subject. Here we recall only what is strictly necessary for our aims. A reduced 
and paracompact complex space X is said Hermitian if the regular part reg(X) := X \ 
sing(X) carries a Hermitian metric h such that for every point x E X there exists an 
open neighborhood U 3 p in X, a proper holomorphic embedding of U into a polydisc 
(j): U ^ C C'^ and a Hermitian metric (3 on such that (0|reg(u))*/9 = h. A natural 
example is provided by any subvariety H of a complex Hermitian manifold (M, g) with 
the metric given by the restriction of g on reg(H). According to the celebrated work of 
Hironaka the singularities of X can be resolved. More precisely there exists a compact 
complex manifold M, a divisor E with only normal crossings and a surjective holomorphic 
map TT : M —)■ X such that 7r“^(reg(X)) = M\D 

'k\m\e ■ M\E —^ reg(X) 

is a biholomorphism. We invite the interested reader to consult [24] and [6]. Here we 
simply recall that a divisor with only normal crossings is a divisor of the form D = Vj 
where Vi are distinct irreducible smooth hypersurfaces and D is dehned in a neighborhood 
of any point by an equation in local analytic coordinates of the type zi ■ ... ■ Zk = t). 

We are hnally in the position to state the next result. 

Theorem 4.8. Let (X, h) he an irreducible, compact Hermitian complex space. Let g be a 
smooth Hermitian metric on reg(X) such that g < ch for some c > 0. Then (Teg{X),g) is 
q-parabolic for each q E [1,2]. 

Proof. We start proving that (reg(X),h) is 2-parabolic. Let M,E and tt be as described 
above. We point out that M \ E satishes the assumptions of Prop. 4.5 because E is 
a divisor with only normal crossings and hence is a hnite union of nonsingular compact 
complex hypersurfaces of M. Thus each component of E has codimension 2. Consider 
now E*h. This is a non negative Hermitian product on M such that 7T*h > 0 on M \ E, 
that is 7i*h is a Hermitian metric on M \ E. Using Prop. 4.7 we can thus conclude that 
(M \ E,7i*h) is 2-parabohc. By the fact that 

7r\M\E : {M\E, E*h) —)■ (reg(X), h) 

is an isometry we get that (reg(X), h) is 2-parabolic. Using again Prop. 4.3 we have now 
that (reg(X), 5 f) is 2-parabohc and hnally, by the fact that /ig(reg(X)) < oo, we can argue 
as in the proof of Prop. 4.5 in order to conclude that (reg(X), 5 f) is g-parabolic for each 
ge[l, 2 ]. ■ 
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Remark 4.9. In the setting of Theorem 4.8. A different proof of the fact that (reg(X), h) 
is 2-parabohc has been given in [31] and follows also by Lemma 1.2 of [32]. 

We have the following corollary: 

Corollary 4.10. Let {M,g) be a smooth complex manifold and let V be a compact subva¬ 
riety of M. Let gv be the Hermitian metric on reg(ld) induced by the restriction of g and 
let h be any smooth Hermitian metric on reg(C) such that h < cgy for some c > 0. Then 
(reg(l/), h) is q-parabolic for any q G [1, 2]. 

Proof. This follows as an immediate consequence of Theorem 4.8. ■ 

As a particular case of the previous corollary we have: 

Corollary 4.11. Let V C CP" be a complex projective variety. Let g be the Kdhler metric 
on reg(l/) induced by the Fubini-Study metric o/CP" and let h be any smooth Hermitian 
metric on reg(C) such that h < eg for some c > 0. Then (reg(C),h) is q-parabolic for 
ge [1,2]. 

Remark 4.12. In the setting of Cor. 4.11. The parabolicity of (reg(ld),g) has already 
been proved in [26] and in [38]. Moreover the stochastic completeness of (reg(C),g) (which 
follows from Cor. 4.11) has already been proved by Li and Tian in [26] by completely 
different methods (in fact, by a direct calculation). 

We consider now an irreducible affine real algebraic variety V C M™. For this topic we 
refer to [7]. We have the following proposition: 

Proposition 4.13. Let V C be a compact and irreducible real affine algebraic variety. 
Assume that dim(reg(C)) — dim(sing(C)) > 2. Let U be a relatively compact open neigh¬ 
borhood of V in and let g be a smooth Riemannian metric on M*" whose restriction on 
U is quasi isometric to ge, the standard Euclidean metric on M*". Finally let iyg be the 
metric that g induces on reg(17) through the inclusion i : reg(C) ^ M*". Then, for each 
q e [1,2], (reg(C), iyg) is q-parabolic. 

Proof. That {reg{V), iyge) is 2-parabolic has been proved by Li and Tian in [26]. Now, by 
the fact that reg(C) has hnite volume with respect to iyPe, we get that (reg(C),iy^e) is 
g-parabolic for each g G [1,2]. Finally applying Corollary 4.2 we get that (reg(C), iyg) is 
g-parabolic, for each g G [1,2], where g is any Riemannian metric on quasi isometric 
to ge over a relatively compact open neighborhood U of V. ■ 
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